
Fully Electromagnetic Vlasov-Maxwell System

Coulomb’s lawρ = e

∫
(Fi − Fe)dv∇ · E = 4πρ

J = e

∫
v(Fi − Fe)dv∇×B =

4π

c
J +

1
c

∂E
∂t

Ampere’s law

∇×E = −1
c

∂B
∂t

Faraday’s law

∇ · B = 0 No magnetic monopole

Vlasov equation

Let ∇ · QT = 0 ∇×QL = 0Q = QL + QT such that and 

∇ · EL = 4πρ

∇×BT =
4π

c
JT +

1
c

∂ET

∂t
0 =

4π

c
JL +

1
c

∂EL

∂t

∇×ET = −1
c

∂BT

∂t

∇ · BT = 0

dF

dt
≡ ∂F

∂t
+ v · ∂F

∂x
+

q

m

(
E +

1
c
v ×B

)
· ∂F

∂v
= 0

From Vlasov + Poisson:

0 = 4π∇ · J +
∂∇ · E

∂t

0 = 4π∇ · J +
∂∇ · E

∂t
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∇ · EL = 4πρ

• Electrostatic  Model

• Darwin  Model -- aka Finite-Beta Model

∇ · EL = 4πρ

∇×ET = −1
c

∂BT

∂t

∇ · BT = 0

∇×BT =
4π

c
JT -----   ignore the transverse displacement current > no light waves

• MHD Model -- only keeping track of transverse quantities

∇×ET = −1
c

∂BT

∂t

∇ · BT = 0

∇×BT =
4π

c
JT

JL = − 1
4π

∂EL

∂t

Various Physics Models based on Maxwell’s Equations
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Maxwell Equations in Coulomb Gauge: 
EL = −∇φ

BT = ∇×A

• Fully Electromagnetic Maxwell Equations:

∇2φ = −4πρ

∇2A− 1
c2

∂2A
∂t2

= −4π

c
JT

∇2A = −4π

c
JT

ET = −1
c

∂A
∂t

• Electrostatic model:

∇2φ = −4πρ

• Darwin model: no light waves

∇2φ = −4πρ

• MHD model:

∇2A = −4π

c
JT

∇ · A = 0

JL = − 1
4π

∂EL

∂t

JL = − 1
4π

∂EL

∂t

ET = −1
c

∂A
∂t

ET = −1
c

∂A
∂t
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0 = 4π∇ · J− ∂∇2φ

∂t

0 =
4π

c
JL +

1
c

∂EL

∂t

4πik · J + k2 ∂φ

∂t
= 0

4πiJL + k
∂φ

∂t
= 0

JL =
k · J
k2

k JT = J− k · J
k2

k

J‖ ! J⊥

JT
‖ ≈ J‖(1− k2

‖/k2) JT
⊥ ≈ −

k‖J‖
k2

k⊥

• For 

• For long thin approximation,  k‖ ! k

JT
‖ ≈ J‖ JT

⊥ ≈ 0

On Ampere’s Law

• Continuity Equation

• Ampere’s Law (longitudinal)

• We obtain

• Ampere’s Law (transverse) ∇2A‖ = −4π

c
J‖

∇2A = −4π

c
JT
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splitvz.tex

dFα

dt
≡ ∂Fα

∂t
+ v‖b̂ · ∂Fα

∂x
+ EL × b̂0 · ∂Fα

∂x
+ sαv2

tα(EL · b̂ + ET
‖ )

∂Fα

∂v‖
= 0

b̂ ≡ b̂0 +
δB
B0

=
B0

B0
+∇A‖ × b̂0

EL = −∇φ ET
‖ = −

∂A‖

∂t

∇2
⊥φ =

∫
(Fe − Fi)dv‖ ∇2

⊥A‖ = β

∫
v‖(Fe − Fi)dv‖

〈
1
2

∫
(v‖/vte)2Fedv‖ +

1
2

∫
(v‖/vti)2Fidv‖ +

1
2

|∇⊥φ|2 +
1
2β

|∇⊥A‖|2
〉

= cons.

• Electrostatic model: A‖ → 0

Finite-Beta Gyrokinetic Model

β =
c2
s

v2
A

vA = c
λDe

ρs

(in GK units)

eφ/Te → φ
eA‖

Te

cs

c
→ A‖

ε ≡ 1 + [k2
⊥ρ2

s + 1 + ξeZ(ξe) + τ + τξiZ(ξi)]/(kλDe)2 = 0,

ε ≡ 1 + {k2
⊥ρ2

s + [1− β
ω2

k2
‖
][1 + ξeZ(ξe) + τ + τξiZ(ξi)]}/(kλDe)2 = 0,

ω = ±k‖vA

√
1 + k2

⊥ρ2
s

ω = ± ωH√
1 + ω2

pe/c2k2
= ±

k‖vA√
1 + c2k2/ω2

pe

cold species: ,   warm electrons:

Dispersion:

Energy:

ω = ±ωH = ±
k‖
k⊥

√
mi

me
Ωi

β → 0
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